Redox flow batteries are widely investigated toward cost-effective storage of energy generated via intermittent renewable sources. Many redox chemistries have been proposed for flow batteries, possessing various attractive features such as low-cost reactants, fast electrochemical reaction kinetics without precious metal catalysts, negligible thermal runaway risk, and low toxicity. While all flow batteries rely on heterogeneous electrochemical reactions occurring at electrode surfaces, in a subset of chemistries homogeneous chemical reactions occur in the electrolyte. A prominent example are batteries employing halogen-based catholytes, where halogen molecules complex with halide ions in the catholyte, forming redox-active polyhalide ions. However, state-of-the-art models capturing flow battery performance for halogen systems typically neglect the presence of such homogeneous reactions and polyhalide ions. The latter assumption allows for simpler models, but at the cost of accurately predicting battery chemical state and performance. We here present a generalized flow battery theory extended to include fast homogeneous reactions, which employs a technique known as the method of families to simplify the governing equations. We then apply and solve the model for the specific case of a membraneless hydrogen-bromine flow battery, illustrating the predicted effect of the homogeneous complexation reaction in the catholyte on flow battery performance. To transition grid electricity production from largely fossil fuels to largely intermittent renewable energy sources, such as solar and wind, scalable and cost-effective energy storage solutions are required. One promising solution is the redox flow battery, a rechargeable battery with chemical energy in the form of redox-active chemicals stored in tanks external to the battery, thus spatially decoupling energy storage and power delivery.
To transition grid electricity production from largely fossil fuels to largely intermittent renewable energy sources, such as solar and wind, scalable and cost-effective energy storage solutions are required. One promising solution is the redox flow battery, a rechargeable battery with chemical energy in the form of redox-active chemicals stored in tanks external to the battery, thus spatially decoupling energy storage and power delivery.
1,2 Typically, one tank contains an anolyte with a reducing agent, while a second contains the catholyte with an oxidizing agent. During cell discharge, the anolyte and catholyte are pumped through the battery cell to perform the chemical-to-electrical energy conversion via electrochemical half-reactions at the anode and cathode. The anolyte and catholyte are physically separated by an ionic conductor to prevent direct contact between the reducing and oxidizing agent, typically an ion exchange membrane or third electrolyte flow. 2, 3 During cell charging, electric current is applied to the cell to reverse the flow of electrons and regenerate the oxidizing and reducing agent, an electrical-to-chemical energy conversion.
For many redox chemistries promising for flow batteries, homogeneous chemical reactions occur within the catholyte or anolyte flows which can have significant impact on battery performance. For example, in the catholyte of halogen-based flow batteries, diatomic halogen molecules and halide ions react to form polyhalide complexes with often higher solubility than the halogen molecule. 1, 4 As battery maximum energy density is proportional to the solubility of the reactant, this complexation reaction is often a key feature underpinning the promise of halogen batteries. 5 Numerous flow batteries employ halogen-based catholytes, including hydrogenbromine, 3 zinc-bromine, 6 quinone-bromine, 8, 13 hydrogen-chlorine, 9 zinc-iodine, 10 and several others. 5, 7, 11, 12 Bromine-based chemistries in particular have been studied extensively due to the low cost of bromine (∼$6/kWh), 13 and fast reaction kinetics with no precious metal catalyst required. In bromine-based batteries, the tribromide complex created by the reaction Br 2(aq) + Br − (aq) ⇔ Br − 3(aq) is often mentioned as a significant oxidizing agent due to the high complexation equilibrium constant of K eq = 17, [14] [15] [16] while higher order polyhalides are typically neglected due to their lower concentrations in the catholyte. 4, 17, 18 In addition to polyhalide complexes, other complexes may form in battery electrolytes, such as the zinc-bromide complexes in the anolyte and catholyte of zinc-bromine batteries (e.g. ZnBr 2 , ZnBr 3 − , ZnBr 4 −19 ). Non-halide battery chemistries can also rely on z E-mail: mesuss@technion.ac.il homogeneous reactions, for example metal-based batteries relying on the formation of metal ion-ligand complexes.
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While it is well-known that homogeneous complexation reactions play a crucial role in halogen batteries, recent theoretical models of halogen flow batteries neglected the presence of such reactions. 17, 23, 24 In these latter models, the diatomic halogen molecule (Br 2 or Cl 2 ) is assumed to participate only in the heterogenous electrochemical reaction at the cathode. However, it can be reasonably expected that the predicted battery performance would be significantly affected by accounting for complexation, as polyhalide ions behave differently than the halogen molecule. 25, 26 For example, polyhalides are charged and so electromigrate (unlike the halogen molecule), may have different crossover rates than the halogen molecule, and can have different diffusivities and reduction potentials compared to the halogen molecule. Further, both the halogen molecule and polyhalides can be present in significant concentrations in the catholyte simultaneously. Thus, the important coupling between homogeneous reactions and flow battery performance has been largely unexplored, and state-of-the-art models cannot accurately capture the chemical state of the electrolytes and battery performance.
In this work, we provide a general and simplified foundation for modeling flow battery systems with fast homogeneous reactions. For this, we adapt a methodology commonly used to model microfluidic separation processes in the presence of homogeneous reactions involving protonation or deprotonation of ampholytes, 27 known as the method of families. 28 In such systems, the "family" typically refers to all ionization states of the ampholyte present in the electrolyte, and the method relies on recognizing mass conservation of all species within the family. 27 This method was later extended in several ways, for example to include homogeneous complexation equilibria of analytes with ligands, 29 and to describe systems with non-equilibrium homogeneous and surface heterogeneous binding or hybridization-type reactions involving biomolecules. 30 A similar method has been used to model electrochemical systems with fast homogeneous reactions, such as ion exchangers, 31 CO 2 capture and mixing energy harvesting using capacitive electrodes, 32 and bioelectrochemical cells (albeit without accounting for the effect of electrode reaction kinetics). 33 To the best of our knowledge, this method has not previously been extended to describe a system with both homogeneous reactions in the electrolyte and heterogeneous electrochemical reactions occurring at electrodes, including the electrochemical reaction kinetics, which is necessary for modeling flow batteries. After presenting the general form of the model, we apply the model to the specific case of a membraneless flow battery with H 2 /Br 2 chemistry. We compared the results of the latter model including homogeneous complexation reactions to an identical model but without complexation, in order to elucidate the coupling between the homogeneous reaction and flow battery performance. In the future, the approach described here can be used for improved model-to-data comparisons on the performance and chemical state of halogen batteries and other batteries with homogeneous reactions, and aid in advanced battery design.
Theory
Generalized model formulation.-We here develop the equations for modelling a redox flow battery with planar electrodes including homogeneous reactions in the electrolyte. In the dilute limit, 17, 24, 34 the fluxes due to electromigration, diffusion and advection are linearly superposable and given by the Nernst-Planck equation,
[1] Here ϕ is the electric potential, u is the fluid velocity, and c i,k ,D i,k ,μ i,k are, respectively, the concentration, molecular diffusivity and ionic mobility of a species k which belongs to family i. In the microfluidic literature, 27, 28, 35 the term "family" typically refers to all charge states of a given ampholyte present in the electrolyte. However, in flow batteries the homogenous reactions of interest are not limited to ampholytes with protonation/deprotonation-type reactions, but often include complexation reactions such as
Thus, we here use the term "family" to refer to all species containing a given atom (e.g. Br), and note that different species in the family may have the same valence (e.g. Br − and Br 3 − ). We designate that the subscript k refers to the number of atoms per species (e.g. for Br 2 , k = 2). Further, N is the total number of families, and n i and p i are, respectively, the minimum and maximum number of atoms common to the family i contained in a species belonging to the family (e.g. n Br = 1 for Br − , and p Br = 3 for Br 3 − when neglecting higher order polybromides). For ampholytes, the same Equation 1 can still be used, but by reverting to the classic definition of "family" and with the ion valence z replacing the subscript k. 27, 28 A mass conservation applied to each species belonging to a family yields
where R i,k is the production rate of species k belonging to family i due to local homogeneous reactions. To apply the method of families to our system, we multiply each mass conservation equation by the index k, and sum all modified conservation equations associated with the family i, to obtain:
Eq. 3 can be interpreted as a transport equation for the atom common to the family (e.g. a transport equation for Br), and can be simplified by noting that the local production rate of the atom must be zero,
This is an important simplification yielded by the method of families, as here reaction rate constants do not need to be specified in the transport equations. By contrast, several works modeling Br 2 /Br − rotating disk electrodes and zinc-bromine electrochemical cells consider homogeneous complexation reactions, but specify reaction rates in the transport equations. 25, 36, 37 Additionally, Evans and White 37 eliminated the production terms due to homogeneous reactions from the transport equations, but presented a model specific to zinc-bromine batteries which contained several transport equations for species containing Br atoms rather than a single family transport equation.
Eq. 3 may now be re-written in more compact notation as
where C i is a conserved scalar representing the total concentration of the family i, defined as:
Further, D i is an effective diffusion coefficient, which is defined using the diffusion flux of the family i,
D i can also be interpreted as the local weighted mean of the diffusivities of the species in family i, 30 and thus typically D i is not uniform in space, even with constant values of D i,k . Similarly, μ i is an effective ion mobility, which is defined by considering the electromigration flux of the family,
[7]
By applying the Einstein relation,
, where z i,k is the species valence, R is the ideal gas constant, T is the temperature, and F is Faraday's constant, the effective mobility can be written in terms of molecular diffusivities,
Since the family approach reduces the number of transport equations per family to one, additional relations are required to close the system. The charge balance equation can be written as
Where the j index represents each of the chemical species present in the system. Assuming steady state or invoking electroneutrality, j z j c j = 0, reduces Eq. 9 to ∇ · J = 0, where J the ionic current density in solution, given by J = F j z j N j . In the limit of fast homogeneous reactions, such that chemical equilibrium applies throughout the model domain, we can write
where K i,m is the equilibrium constant for the homogeneous reaction m involving family i, s i,k is the stochiometric coefficient of species k from family i, andc represents concentration normalized by a reference concentration, c ref = 1 M. The assumption of fast homogeneous reactions is commonly invoked in models of electrochemical and electrokinetic systems, 25, 27, 32, 33, 37 and allows for simplifying the theory, but can be relaxed in a future work without invalidating Eq. 4. The remaining components of the theory, such as electrode boundary conditions, are developed in the following sections for the specific case of a H 2 -Br 2 battery. Method of families applied to a membraneless H 2 -Br 2 redox flow battery.-We now develop the model given in Generalized model formulation section further, and apply it to the specific case of a H 2 -Br 2 membraneless redox flow battery with planar electrodes (see Figure  1 ). In such a cell, a laminar flow of hydrobromic acid (HBr) electrolyte physically separates the catholyte from the anode to prevent crossover of Br 2 and Br 3 − . 17 Unlike recent models of H 2 -Br 2 flow batteries (Figure 1a) , 17, 24, 38 we here account for the complexation reaction occurring in the catholyte, Br 2 + Br − ⇔ Br − 3 , and the reduction of Br 3 − at the cathode ( Figure 1b) . As tribromide is expected to be the dominant polybromide in the catholyte, see Section SI-3, complexation reactions forming higher order polybromides (Br
will be neglected here, but can be incorporated in the future using the generalized equations in Generalized model formulation section. We here assume steady-state, 2-D geometry, and 1-D Poiseuille flow between the electrodes according to u x = 6U (y/ h − y 2 /h 2 ) where U is the mean velocity, and h is the distance between electrodes. For a thin channel where L >> h, we can neglect species electromigration and diffusion in the x-direction (as is common in both flow batteries and electrodialysis cells). 39, 40 Applying Eq. 4 to the bromine family, we obtain:
Where C Br is the total concentration of the bromine family, and is given by Eq. 5 as
Here, c Br − , c Br 2 , and c Br − 3 , are the concentrations of bromide, bromine, and tribromide species respectively. Applying Eq. 6 we obtain
and using Eqs. 8
Substituting Eqs. 12, 13 and 14 into Eq. 11, and scaling the potential ϕ by the thermal voltage, RT/F, to obtain a dimensionless voltage,φ, yields 41 The hydronium ion is not included in the bromine family, and thus we need a hydronium ion transport equation, given by
Note that in our system, the electrolyte is strongly acidic, so that we neglected the presence of OH − due to its very low concentration, and the effect of water self-ionization on the H + mass balance (Eq. 16). However, the method of families approach used here can in the future be extended to include water self-ionization (a homogenous reaction), 28, 42 and this may be most relevant for cells with near-neutral pH electrolytes (e.g. zinc-bromine batteries). 
[20]
These reactions are for the discharge mode of the cell, and are reversed during cell charging. Side reactions during cell charging such as hydrogen and oxygen evolution are not considered here, and neither are reactions due to possible crossover of bromine and tribromide to the anode. To describe the current due to electrochemical reactions occurring at the planar electrodes, which form two boundaries of our model domain (Figure 1 ), we use the symmetric Butler-Volmer equation (symmetric transfer coefficient, α = 0.5 17, 44 ),
The electrode overpotential, η, is defined by η ≡ ϕ − ϕ eq , where ϕ is the potential drop across the solid-liquid interface, and the superscript eq refers to equilibrium. Further,c ox ≡ oxc s i,ox i,ox and c red ≡ redc s i,red i,red represent the dimensionless surface concentrations of the oxidized and reduced states at the electrode, s i are the stoichiometric coefficients, and J o is an exchange current density. For the redox half-reactions in our system, the overpotentials at the anode and cathode can be written as
where ϕ s denotes the electrode potential, and ϕ a , ϕ c denote the electrolyte potential at the location of the anode and cathode, respectively. In our cell, we consider the anode to be grounded, and thus the electrode potentials are ϕ s a = 0, ϕ s c = V cell . We express a dimensionless ϕ eq via the Nernst equation, and assume unity activity of hydrogen gas at the anode, as is appropriate for a surplus supply of atmospheric pressure H 2 gas. Thus, the relevant Nernst equations are are the dimensionless standard potentials for hydrogen and bromine reduction, respectively. Note that Eq. 25 is based on bromine reduction, but could equivalently be predicted by considering instead tribromide reduction (see SI-1). While the expression for cathode Nernst potential, Eqs. 25, is identical to that in models which neglect complexation, 17 it is important to recognize that the values of the concentrations of Br 2 and Br − at equilibrium are affected by complexation. Combining Eqs. 21, 22 and 24, we obtain an expression for current at the anode,
[26]
For the cathode, we have two electroactive species, bromine and tribromide, which are coupled at the cathode solution-side via the fast homogeneous complexation reaction. Previous theoretical works assumed that only Br 2 was active at the interface, and Br 3 − then served as a chemical source of Br 2 at the cathode during discharge. 25, 45 We here relax this assumption and explore system performance when describing the reduction of Br 2 (Eq. 19) and Br 3 − (Eq. 20) each by a separate Butler-Volmer equation (see . This leads to following expression for current at the cathode,
. [27] At the cathode boundary of our model, we implemented current conservation across the electrode/electrolyte interface, j c =n · J (n is the outwards pointing normal vector), zero bromine (Br) flux, n · 
wherec cat k andc el k are the dimensionless catholyte and electrolyte concentrations, and 0.2h represents the thickness of the catholyte flow at the inlet of the membraneless cell (see Figure 1) . During flow battery operation, often the inlet concentrations of electroactive species vary significantly in time as these species are depleted or replenished in the battery, and then returned to the tank and subsequently the battery inlet. Here we neglect this effect in order to focus on the effects of complexation over shallow battery cycling, but in the future the boundary conditions and model equations can be updated to capture time-dependent effects due to deeper cycling. To obtainc cat k , we solved for the concentrations of all bromine containing species at equilibrium given a solution of 1 M Br 2 and 1 M HBr pre-complexation, see Figure S2 . At both the upstream and downstream boundaries, we assume zero ionic current, and downstream we set the flux of each species to that provided by local advection. 2D simulations were performed in the finite element framework of COMSOL Multiphysics, where direct solver MUMPS was used. A triangular mesh with number of elements of 110,432 was used.
Results and Discussion
In Table I , we list the parameters used in the model given by Eqs. 15 to 17. The parameters defining channel geometry, exchange current densities, catholyte flow thickness, and flow velocity were those used in Braff et al. 17 In Figure 2 we show the computed solution to the model given by Eqs. 15-17, plotting predicted normalized species concentrations (divided by inlet values given in Table I ), for the case of the battery discharging at V cell = 0.9 V. At this cell voltage, the concentration of both Br 2 and Br 3 − are observed to approach zero at the cathode (Figure 2a and 2b) , and thus the battery is at its maximum discharge current (limiting current). We can further see that a concentration boundary layer develops near the cathode due to consumption of Br 2 boundary layers formed at the cathode are of particular interest. In models neglecting complexation the Br 2 boundary layer determines the maximum transport rate of reactant from the bulk catholyte to the cathode and thus the limiting current achievable by the battery. 17 In comparing Figures 2a and 2b , a distinct difference in the Br 2 and Br 3 − boundary layers is observed, with Br 3 − concentration appearing markedly higher relative to its inlet value at most locations, despite equal diffusivities between these species (see Table I ). In addition, the normalized concentration of Br 3 − at areas within the catholyte rises above unity (above the inlet concentration), meaning that there is a significant source of Br 3 − in the catholyte during discharge due to the homogeneous complexation reaction. Thus, the latter observations demonstrate that the concentration field within the boundary layer at the cathode is not determined solely by a balance between diffusion to the cathode and advection along the cathode, as predicted when complexation is neglected, 17 but that there is an important role of complexation. The Br 3 − ion is charged and thus also subject to electromigration, but this accounts for only ∼1.5% of the total flux of Br 3 − at the cathode surface at these model conditions. Another notable feature in Figure 2 is a mixing zone which develops between the electrolyte and catholyte flows due to the membraneless design. As expected, Br 2 and Br 3 − diffuse from the catholyte to the electrolyte, 17 but also Br − diffuses from the electrolyte to the catholyte. Such Br − diffusion occurs because this species is depleted in the catholyte due to the complexation reaction (Figure 2c ). Further, in Figure 2d , a thin, slight depletion layer of H + is present at the upper half of the mixing layer (just above y = 0.2 mm), while a slight enrichment layer is present at the lower half (just below y = 0.2 mm). The latter feature is due to the cross-diffusion of Br − and Br 3 − through the mixing layer, where Br − has higher diffusivity, resulting in a net flux of H + from the upper half to the lower half of the mixing zone to maintain electroneutrality.
In Figure 3 , we again show the solution to the model, but now for V cell = 1.2 V, so that the cell is in charging mode. Distinct differences between the concentration fields of Br 2 and Br 3 − in the catholyte are observed (Figures 3a and 3b) . Bromine is largely enriched in the catholyte, with concentrations reaching three times higher than the inlet concentration, while Br 3 − concentration is largely unchanged, and is even slightly depleted at the cathode surface. The Br 3 − concentration field thus yields counter-intuitive results, as Br 3 − is electrochemically produced at the cathode during charging, so naively we may expect it should be enriched near to the cathode surface. Bromide shows a near zero concentration at the cathode surface, indicating we should expect a significant mass-transport overpotential at this charging voltage (Figure 3c ). The hydronium ion by contrast is only slightly depleted at the anode (Figure 3d ), is also depleted at the cathode, and demonstrates slight enrichment and depletion layers at the mixing zone between catholyte and electrolyte (although reversed in orientation compared to Figure 2d ).
While Figures 2 and 3 showed predicted concentration fields for a given value of V cell , we now investigate the predicted battery performance over a wide range of V cell in the form of a polarization curve. In Figure 4 , we plot both a predicted polarization curve for the case where complexation was neglected (dotted line), and a predicted polarization curve from our model when including complexation (solid line). Both cases used the parameters listed in Table I , except when neglecting complexation we used inlet conditions for the catholyte of 1M HBr and 1M Br 2 . Positive current density is defined for the discharge mode, whereas the negative current density is for the charging mode. From Figure 4 , we can see several distinct differences between the two model predictions, highlighting the important role the complexation reaction is expected to play in determining battery performance. One notable feature in Figure 4 is that from between about 100-300 mA cm −2 both polarization curves are approximately linear, indicating that for those currents the slope of the curve is largely due to electrolyte ohmic losses. The model with complexation shows a steeper slope in this region, relative to that neglecting complexation, which indicates a higher resistance when accounting for complexation. This can be attributed largely to the lower catholyte ionic conductivity when accounting for complexation. The ionic conductivity of the catholyte is given by σ = j z j 2 F 2 D j c j / RT , where the index j sums over all species present in the catholyte. For a 1M HBr/Br 2 catholyte neglecting complexation, the calculated conductivity is 0.428 S/cm, whereas it is 0.4 S/cm after complexation as much of the Br − is converted to lower diffusivity Br 3 − . Another notable feature in Figure 4 is the significantly higher voltage for the model with complexation at all charging currents. For example, at −100 mA/cm 2 , the model without complexation predicts a cell voltage of 1.126 V, while that with complexation predicts 1.223 V. During charging, at the cathode Br 2 and Br 3 − are generated and Br concentration at the cathode surface approaches zero. In the model without complexation, this occurs when transport of reactant to the cathode is maximized, where this transport is due solely to diffusion of Br 2 to the cathode surface. 17 When including complexation, limiting current is determined by several effects, including both Br 2 and Br 3 − diffusion to the cathode, electromigration of Br 3 − away from the cathode, and the coupling of Br 2 and Br 3 − via the complexation reaction. Thus, this observed variation in limiting current suggests that future boundary layer analysis for predicting limiting current should account for complexation effects.
We return to the counter-intuitive result shown in Figure 3a , where the tribromide concentration at the cathode was slightly depleted relative to the inlet concentration during cell charging. To probe deeper into this observation, in Figure 5a , we show predicted mass flux of all species included in the bromine family (Br 2 , Br 3 − , Br − ) at the cathode versus cell current density. Positive mass flux represents flux directed away from the cathode, while negative mass flux is toward the cathode. As can be seen, bromine transport is overall toward the cathode during discharging and away during charging (solid line in Figure  5a ), corresponding with the direction of bromine current (solid line in Figure 5b ). Additionally, bromide transports toward the cathode during charging and away during discharging (dashed line in Figure  5a ), as expected based on its electrochemical production at the cathode during discharge and utilization during charge. By contrast, we can see that tribromide is always transported toward the cathode, at all cell currents tested, both for cell charging and discharging (dotted line in Figure 5a ). This is despite the electrochemical production of tribromide at the cathode during charging (dotted line in Figure  5b ). The latter observation points to the strong impact of the complexation reaction, as tribromide depletion at the cathode must occur because the complexation reaction consumes tribromide at a higher rate than it is produced electrochemically. The complexation reaction is directed toward tribromide consumption during charging largely to supply bromide to the cathode.
Conclusions
We here present a general modeling framework for flow batteries with fast homogeneous reactions, and develop the model toward the specific example of a membraneless H 2 -Br 2 cell. By applying the method of families, we are able to simplify the system of equations to three coupled partial differential equations without homogeneous reaction terms, Eqs. 15-17, which were solved numerically. We presented results for the example cell when neglecting bromine/bromide complexation and when including complexation, in order to elucidate the important effects of this homogeneous complexation reaction on the predicted battery performance. In the future, this model framework can be applied broadly to flow batteries with homogeneous reactions, and should be validated with a dedicated set of experimental results of battery performance and reactant stream chemical state.
